Propositions

Ouwr discussion begins with an introduction to the basic building blocks of logic—propositions.
A proposition is a declarative sentence (that is, a sentence that declares a fact) that is either
true or false, but not both.

All the following declarative sentences are propositions.

1. Washington, D.C., is the capital of the United States of America.
2. Toronto is the capital of Canada.

31+1=12

4. 24+2=3.

Propositions 1 and 3 are true, whereas 2 and 4 are false.
Consider the following sentences.

1. What time is it?
2. Read this carefully.
x+1=2.
4 x+y==z
Sentences 1 and 2 are not propositions because they are not declarative sentences. Sentences 3

and 4 are not propositions because they are neither true nor false. Note that each of sentences 3
and 4 can be turned info a proposition if we assign values to the variables.

Find the negation of the proposition
“Michael’s PC runs Linux”

and express this in simple English.

Solution: The negation is
“It is not the case that Michael’s PC runs Linux.”
This negation can be more simply expressed as

“Michael’s PC does not run Linux.”

Find the negation of the proposition
“¥andana’s smartphone has at least 32 GB of memory™

and express this in simple English.

Solution: The negation is

“It is not the case that Vandana's smartphone has at least 32 GB of memory.”
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CONVERSE, CONTRAPOSITIVE, AND INVERSE We can form some new conditional
statements starting with a conditional statement p — g. In particular, there are three related
conditional statements that occur so often that they have special names. The proposition ¢ — p
is called the converse of p — g. The contrapositive of p — g is the proposition ~g — —p. The
proposition —p — —g is called the inverse of p — g. We will see that of these three condi-
tional statements formed from p — g, only the contrapositive always has the same truth value
as p — q.

We first show that the contrapositive, ~g — —p, of a conditional statement p — g always
has the same truth value as p — g. To see this, note that the contrapositive is false only when —p
is false and —g is true, that is, only when p is true and g is false. We now show that neither the
converse, g — p, nor the inverse, -p — —g, has the same truth value as p — g for all possible
truth values of p and g. Note that when p is true and q is false, the original conditional statement
is false, but the converse and the inverse are both true.

When two compound propositions always have the same truth values, regardless of the truth
values of its propositional variables, we call them equivalent. Hence, a conditional statement
and its contrapositive are equivalent. The converse and the inverse of a conditional statement
are also equivalent, as the reader can verify, but neither is equivalent to the original conditional
statement. (We will study equivalent propositions in Section 1.3.) Take note that one of the most
common logical errors is to assume that the converse or the inverse of a conditional statement
is equivalent to this conditional statement.

Ifpthenq (p—~2q)
- Converse: q=>p
- Contrapositive: neg. q = neg. p
- Inverse: neg. p = neg. q

Example.
“The home team wins whenever it is raining.” (p means condition and g means result)
Solution:
Because “q whenever p” is one of the ways to express the conditional statement p — q,
the original statement can be rewritten as
“If it is raining, then the home team wins.” (p—2>q)
Consequently, the contrapositive of this conditional statement is
“If the home team does not win, then it is not raining.”
The converse is
“If the home team wins, then it is raining.”
The inverse is
“If it is not raining, then the home team does not win.’

)

Practice 1. (Computational/Logical thinking)
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Let p and q be the propositions
p : You drive over 65 miles per hour.
g :You get a speeding ticket.
Write these propositions using p and g and logical connectives (including negations).
a) You do not drive over 65 miles per hour.
b) You drive over 65 miles per hour, but you do not get a speeding ticket.
c) You will get a speeding ticket if you drive over 65 miles per hour.
d) If you do not drive over 65 miles per hour, then you will not get a speeding ticket.
e) Driving over 65 miles per hour is sufficient for getting a speeding ticket.
f) You get a speeding ticket, but you do not drive over 65 miles per hour.
g) Whenever you get a speeding ticket, you are driving over 65 miles per hour.

Practice 2. (Computational/Logical thinking)
If the weather is nice, then I’ll wash the car
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Pracrice-1 Solution.

a) This is just the negation of p, so we write —p.

b) This is a conjunction (“but” means “and”): p A —g.

¢) The position of the word “if” tells us which is the antecedent and which is the consequence: p — q.
d) —p — g

e) The sufficient condition is the antecedent: p — q.

f) a A -p

g) “Whenever” means “if": g — p.

Practice-2 Solution.

Converse q—p If I wash the car ,then the weather is nice.

'
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q P
Inverse ~p =g If the weather is not nice, then I won't wash the car.
Y a

Contrapositive ~ gD If I don't wash the car,thentheweatherisnotnice.
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